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Abstract
Rollover accidents of heavy vehicles often cause serious consequences both in terms of vehicle and environmental damage as well 
the loss or injury of drivers, passengers and ordinary civilians. Currently, the active anti-roll bar system is considered as the most 
effective solution in enhancing vehicle roll stability. In this paper, we firstly investigated the role of a flexible frame of a single unit 
heavy vehicle in the rollover process. This approach is an important step forward in the research of the active anti-roll bar system. 
Then, the LQR control method is applied in designing controllers for the active anti-roll bar control system with this frame model. 
The active torque of the anti-roll bar system is considered as the control signal. The simulation results in the frequency and time 
domains with a double lane change maneuver show that the vehicle’s roll stability is improved by over 30 % compared to a vehicle 
using a passive anti-roll bar system.
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1 Introduction
The importance of heavy vehicles in terms of economic 
development is irrefutable and should not be underesti-
mated, there is a necessity to conduct as much research 
as possible to improve the performance of such vehicles. 
This need is enhanced by the fact that accidents relat-
ing to these kinds of vehicles are often fatal due to the 
very significant mass and the large bulk (Evgenikos et al., 
2016). In accordance with National Highway Traffic 
Safety Administration (NHTSA), In America alone there 
were a total of 475,000 crashes involving large trucks 
in 2017; resulting in 4657 fatalities, and 107,000 inju-
ries. Apart from serious damages to other road users and 
adjacent population, accidents relating to heavy vehicles 
tend to cause severe damage to a large number of proper-
ties. Despite the fact that the year of 2017 solely recorded 
21,000 out of the total crashes being due to rollover occur-
rence, approximately 50 percent of this figure led to death 
and injury (NHTSA, 2016). If roll stability of such heavy 
vehicles could be improved, it seems obvious that the 
number of fatal accidents could be decreased, and traffic 
safety would be increased in general.
Typically, the passive anti-roll bar is a component along 
with leaf or air springs and other parts constituting the 
suspension system on heavy vehicles. Technically, the 
conventional anti-roll bar is a U-shaped torsion tube that 
connects the right and the left elements of either solid axle 
or independent type of suspension system. While both 
tips of the anti-roll bar are mounted firmly on the axle 
beam, this bar is also connected to the vehicle frame at the 
points where it starts to bend on its right and left sides. 
Those elastic bushings enable the passive anti-roll bar 
to rotate freely at the mounting points. The two control 
arms should be attached as close to the wheels as possible 
in order to ensure up-and-down motion of the wheel rather 
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than back-and-forth movement. The purpose of anti-roll 
bar is to provide torsional stiffness to prevent one side of 
the body from traveling too far in the opposite direction 
of the other. To be specific, given that the vehicle is turn-
ing right, due to effect of lateral acceleration, the suspen-
sion on the left-hand side is compressed and the one on 
the right-hand side is stretched (Miège and Cebon, 2002). 
The anti-roll bar at this moment will simultaneously 
produce two torques with opposite directions. One is to 
decompress the left suspension and the other is to press the 
right suspension, resulting in the reduction of the suspen-
sion differentiation. By doing so, the roll angle of the vehi-
cle body is decreased, and the vehicle is kept from rolling 
out of corner excessively (Frimberger et al., 2000).
In general, the flexible frame contributes to the repartition 
of the lateral load transfer, keeping axles from generating 
their shares of the lateral load transfer. As a consequence, 
the wheels will not lift off the ground at the same time and 
the static roll-over threshold will be declined. Hence, the 
flexible frame of vehicles is really worth considering in 
order to provide a more accurate and thorough insight into 
how actual vehicles would behave in reality (Enrico, 2011).
When it comes to heavy vehicles, the most prevalent 
tactic to improve roll stability is an active anti-roll bar sys-
tem with a pair of hydraulic actuators (Gaspar et al., 2004; 
Vu et al., 2017). As shown in Fig. 1, the active anti-roll 
bar system is constituted by two hydraulic actuators con-
trolled by an electronic servo-valve, being mounted in the 
middle of the passive anti-roll bar on each axle. When the 
vehicle tilts towards one side, these actuators will produce 
torque to pull the wheel’s opposite side, which has a ten-
dency of lifting off, down to Earth (Vu et al., 2019).
Previous studies have mainly focused on evaluating the 
effectiveness of the active anti-roll bar system for a rigid 
model of a single unit vehicle with control methods such 
as neural network, PID, LQR, H∞ , H∞ / LPV (Boada et al., 
2009; Gaspar et al., 2004; Stone and Cebon, 2010; 
Vu, 2017). In Sampson's PhD thesis (Sampson, 2000), 
a proposed concept for a flexible frame model is used for 
the study of roll stability of heavy vehicles. However, the 
author had not come up with a clear solution for the appli-
cation of an active anti-roll bar system.
This paper will concentrate on an active anti-roll bar 
system with a pair of hydraulic actuators, using torques 
generated by the actuators as controlled input signals 
on yaw-roll model with the flexible frame.
2 Vehicle modelling
In this section, the authors introduce the modelling of 
a two-axle single unit heavy vehicle with a rigid frame 
and a flexible frame. The symbols and parameters of both 
models are shown in (Gaspar et al., 2004; Vu et al., 2017).
2.1 Yaw-roll model of linear, torsionally rigid frame 
single unit vehicle
A linear rigid frame single unit heavy vehicle is modeled 
with three rigid components where ms is represented for the 
sprung mass and muf and mur are correspondingly represen-
tative of the unsprung masses at the front and rear axles 
including front and rear wheels and axles as shown in Fig. 2.
The dynamical equation of the model is represented 
in Eq. (1) (Gaspar et al., 2004; Vu, 2017):
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2.2 Yaw-roll model of linear torsionally flexible single 
unit vehicle
As far as the torsionally flexible frame is concerned, 
it means that portions of the sprung mass would roll 
at different angles. Thus, the chances are great that some 
Fig. 1 Active anti-roll bar using two hydraulic actuators on heavy 
vehicles (Miège and Cebon, 2002)
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axles will be prevented from sharing the load transfer to 
counteract the overturning moment produced by the lat-
eral acceleration. As a consequence, some wheels will 
be lifted sooner than others and the roll-over threshold 
will be reduced. Furthermore, most vehicles, if not all, 
in reality are manufactured with a flexible frame, mean-
ing that analyzing the yaw-roll model of a torsionally flex-
ible frame single unit vehicle as shown in Fig. 3 is able to 
provide more accuracy.
In order to capture the influence of a flexible frame, the 
sprung mass ( mi ) is separately split into front and rear rigid 
bodies ( msf and msr ) with their own roll angles ( ϕf and ϕr ) 
and appropriate inertia properties. Each possesses weight 
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Additionally, these two components of sprung mass 
are connected together by a torsional spring whose stiff-
ness matches the torsional stiffness of the flexible frame. 
The torsional spring must be placed at the centroid height 
of the frame. According to (Sampson, 2000), the torsional 
stiffness of the frame is about two to ten times greater than 
total roll stiffness of the suspension. The formula to calcu-








In this study, a frame with torsional stiffness which is 
10 times higher than the total suspension roll stiffness is 
taken into consideration. Therefore, the frame torsional 
stiffness is about
K Kb =10 Σ .  (4)
Likewise, using the formula below to find out the total 
suspension roll damping and the roll damping of the frame 
is about 10 times greater as well. However, torsional damp-
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With a flexible frame being introduced in this section, 
instead of one roll angle of sprung mass like the model 
in Subsection 2.1, there will be two roll angles of sprung 
mass (one at the front axle and the other at the rear axle). 
This leads to an additional sprung mass roll moment equa-
tion in comparison with Eq. (1). The dynamical equation 
for linear torsionally flexible frame single unit vehicle is 
presented in Eq. (6):
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Fig. 2 Yaw-roll model of a torsionally rigid frame single unit vehicle
Fig. 3 Yaw-roll model of a torsionally flexible frame single unit vehicle
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The lateral tire force Fyf and Fyr at the tire-ground con-
tacting points in the direction of the velocity are formu-






































Substitute Eq. (7) into Eq. (8), then we have:
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The moments produced by the passive anti-roll bar at the 













































Equation (6) is possible to be expressed in the form of 
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The disturbance input: W f=  δ .
The output vector: Z = − − R Rf r f uf f urφ φ φ φ .
The mathematical relations between the normalized 
load transfers ( Rf and Rr ) and unsprung mass roll angles 
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3 Performance comparison between rigid and flexible 
frame models
3.1 Time response analysis
A double lane change steering angle is employed to evaluate 
transitory behaviors of both rigid and flexible frame mod-
els. This double lane change maneuver is to avoid an obsta-
cle in emergency, having a 2.5 m path deviation over 100 m. 
The time response of the steering angle is depicted in Fig. 4. 
Both models are tested at the same forward velocity of 
70 km/h, using only the passive anti-roll bar system.
Such performance criteria as the normalized load trans-
fers and the suspension roll angles are going to be taken 
into consideration. While Fig. 5 compares the normalized 
load transfers at the front and rear axles, Fig. 6 shows the 
suspension roll angles at front and rear axles of the rigid and 
flexible models. Even though there are slight differences in 
transient responses between these two models, it is unde-
niable that peak values of normalized load transfers and 
suspension roll angles of the flexible model are higher than 
that of the rigid model. To be specific, the normalized load 
transfers of flexible vehicle are about 5.3 % to 6.3 % higher 
and the suspension roll angles are approximately 9.5 % to 
9.7 % greater. This means that the vehicle with the flexible 
frame is less stable and more likely to reach its limit of sus-
pension travel than that with the rigid frame.
Furthermore, the most obvious disparity between the 
rigid and flexible model is the twisting angle which is the 
difference between the sprung mass roll angles at both 
front and rear axles. When it comes to the rigid model, 
the sprung mass is considered as a single component, 
thus the twisting angle will remain zero in every situa-
tion. Whereas the sprung mass of the flexible model is 
divided into two bodies connected by a torsional spring 
and a damper. Therefore, when doing the double lane 
Fig. 4 Time response of the steering angle
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change to avoid obstacle, the twisting angle of the flexible 
model fluctuates from around 0.03 to nearly 0.15 degrees 
as shown in Fig. 7. This difference between the sprung 
mass roll angles at the front and rear axles plays the key 
element in preventing the front axle from sharing the lat-
eral load transfer, leading to rollover threshold reduction.
3.2 Frequency response analysis
Frequency response functions from steering angle to the 
normalized load transfers and the suspension roll angles 
of rigid and flexible frame models are shown in Figs. 8 
and 9. Similar to the previous section, both systems are 
also going to be tested at a forward velocity of 70 km/h. 
The analysis of the frequency response is to serve the pur-
pose of studying dynamic behavior of the vehicles when 
subject to perturbation of the steering angle.
In fact, the frequency response can be filtered at the 
frequency of 4 rad/s which represents the limited band-
width of the driver (Gaspar et al., 2004; Huang et al., 2012; 
Imine et al., 2014). As can be seen from Figs. 8 and 9, at low 
frequencies, the transfer function magnitudes of the nor-
malized load transfers and the suspension roll angles at both 
Fig. 5 Normalized load transfers of rigid and flexible frame models
Fig. 6 Suspension roll angles of rigid and flexible frame models
Fig. 7 Twisting angles of frames with rigid and flexible models
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axles of the flexible system are slightly higher than that of 
the rigid model. To be specific, the transfer function mag-
nitudes of the normalized load transfers at front and rear 
axles of the flexible frame model are, respectively, about 
0.3 dB and 0.4 dB respectively greater than that of the rigid 
model. Meanwhile, the differences between the flexible and 
rigid systems are more clear in terms of the suspension roll 
angle. The magnitude of the suspension roll angle transfer 
functions of the flexible frame are approximately 0.84 dB 
and 0.68 dB higher than the figure of the rigid model at both 
front and rear axles correspondingly. Hence, the normal-
ized load transfers and the suspension roll angles of vehicles 
with a flexible frame are more sensitive to the steering angle 
in comparison with the rigid model.
4 Designing LQR active anti-roll bar controllers
4.1 Linear Quadratic Regulator control background
The linear approach basically starts with the conversion of 
a non-linear system into a linear. Thus, the Linear Time-
Invariant (LTI) dynamical modeling is commonly adopted 
Fig. 8 Transfer function magnitude of the normalized load transfers of rigid and flexible frame models
Fig. 9 Transfer function magnitude of the suspension roll angles of rigid and flexible frame models
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for control and observation purposes for both Single-
Input-Single-Output (SISO) system and Multi-Input-
Multi-Output (MIMO) system. The Linear Time-Invariant 
dynamic system equations are given by
x t Ax t B u t B w t
z t Cx t D u t D w t
( ) = ( ) + ( ) + ( )







where x(t) denotes state, w(t) is disturbance, u(t) represents 
control input and z(t) is the output vectors.
A general LQR controller as shown in Fig. 10 is using 
the feedback signal from output z(t) to generate appropriate 
control input u(t). For the LQR controller design, it assumes 
that all states of the system are able to be measured or esti-
mated. The main objective of an LQR controller is techni-
cally to determine the control input u in order to minimize 
performance index J. This index consists of not only per-
formance characteristic requirements but also the controller 
input limitations, which is usually presented by (Vu, 2017):
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where Q, R and N are positive definite weighting matrices.
Consider the state feedback control law as: 
u Kx= − ,  (15)
where K denotes the state feedback gain matrix and has 
the following form K = R−1 BT P and where the matrix P is 
the solution of Riccati equation as follows:
AP A P PBR B P QT T+ − + =−1 0  (16)
The optimal closed-loop system is achieved from 
Eqs. (13) and (15) as
x t A B K x t B w t( ) = −( ) ( ) + ( )01 02 .  
In next section, the solution to find K and choosing LQR 
weighting matrices Q, R, N will be presented in detail.
4.2 LQR controller design
The main objective of designing an LQR controller for an 
active anti-roll bar system is to minimize rollover occur-
rence of vehicles. Because the normalized load transfers 
( Rf,r ) and the suspension roll angles ( ϕf,r– ϕuf,ur ) have direct 
impacts on the vehicle roll stability, these characteristics 
must be decreased to meet control objectives. Furthermore, 
the torques generated by the active anti-roll bar system at 
front and rear axles are required to be within the bearable 
saturation of the actuators. Therefore, the performance 
index J in Eq. (14) is chosen as follows:
J
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f r f uf r ur
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where ρ1 , ρ2 , ρ3 , ρ4 , Rtf , Rtr are weighting parameters of the 
performance index J.
The selection of parameters in Eq. (17) permits a larger 
set of different criteria concentrating on the active anti-
roll bar performance and/or the restriction of actuators' 
saturation.
In order to evaluate how well the active anti-roll bar 
performs, there will be two distinct LQR controllers 
designed and put into analogy:
• The first controller design (LQR1): This controller 
aims at penalizing the normalized load transfers at 
both axles and loosening the limitation of the actua-
tors. The weighting parameters' values are chosen as
R Rtf tr= = = = = =
−
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• The second controller design (LQR2): Unlike LQR1, 
in this case the LQR2 targets decreasing the suspen-
sion roll angles. But it also relaxes the actuators' satu-
ration. Therefore, the set of weighting parameters is: 
R Rtf tr= = = = = =
−
10 1 2 10
5
1 2 3 4
6
; ; . .ρ ρ ρ ρ  
The matrices Q, R, N of the performance index J are 
determined as follows:
Fig. 10 LQR controller diagram
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5 Simulation results analysis
5.1 Response to a double lane change steering input
A double lane change maneuver is a popular test for 
heavy vehicles because it is often used to avoid obstacles 
in an emergency. The time response of the steering angle 
is depicted in Fig. 4. The vehicle is also evaluated at the 
forward velocity of 70 km/h. The responses of the linear 
torsionally flexible frame single unit model using passive 
and two LQR active anti-roll bar controllers to double lane 
change steering angle are depicted in Figs. 11, 12.
The normalized load transfers at the rear axle in this case 
builds up faster than at the front axle due to the increase of 
the ratio of suspension stiffness to the vertical load at the 
rear axle. With the passive system, the inner wheel at the 
rear axle lifts off ground because the normalized load 
transfer Rr exceeds −1, while the inner wheel at the front 
axle still remains in contact with the ground. Conversely, 
both active anti-roll bar systems manage to pull down the 
peak values of the normalized load transfers at both axles 
so that the rollover incidents are prevented. The compari-
sons measured in percentage among load transfers of two 
active and passive systems are presented in Table 1.
When it comes to the suspension roll angles, the 
responses of all three systems stay under limit of the sus-
pension travel. Table 2 shows analogies in the suspension 
roll angles among passive, LQR1 and LQR2 active anti-
roll bar systems in proportion.
It is also necessary to re-check the quality of the active 
systems by ensuring the torques generated do not exceed the 
saturation of the actuators of 120 kN (Vu, 2017). Obviously, 
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Fig. 11 Time response of normalized load transfers to double lane change steering input
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LQR1 controller produces about 23 kN and 29 kN of torques 
at the front and rear axles respectively. In the meantime, the 
peak values of torque that were generated by the LQR2 con-
troller are roughly 21 kN at the front and 22 kN at the rear.
5.2 Frequency response analysis
The analysis of frequency response is essential to study 
the dynamic behavior of the vehicles when subject to per-
turbation of the steering angle. The frequency response 
was filtered at the frequency of 4 rad/s and the systems 
were tested at a speed of 70 km/h.
As shown in Fig. 14, with the active anti-roll bar system 
using LQR1 controller, the transfer function magnitude of 
the normalized load transfer at the front axle is decreased 
down to around 18 dB. At the other axle, the magnitude of 
load transfer function falls to 20 dB.
However, the LQR2 active controller is only able to 
reduce the magnitude of normalized load transfer by 3 dB 
at the front and by 2 dB at the rear axles. Table 3 gives 
detailed comparison about the transfer function magni-
tude of the normalized load transfers in all three cases.
It is also noticeable that the normalized load transfer 
response of the passive system starts rolling off at 4 rad/s 
while that of both active controllers begins to roll off 
sooner at 2 rad/s.
6 Conclusions
In this study we investigated the flexible frame model of 
a single unit heavy vehicle. The simulation results in the 
time and frequency domains showed that the level of roll 
instability of the vehicle with a flexible frame is more sen-
sitive than considering the rigid frame, which is consistent 
with the reality of the rollover phenomena for heavy vehi-
cles. LQR control method is applied on the active anti-roll 
bar system for the flexible frame models. The active torque 
of the active anti-roll bar system is considered as the con-
trol signal. With the simulation results in the frequency 
and time domains with a double lane change, the vehicle 
roll stability is improved by over 30 % compared to the 
same vehicles using the passive anti-roll bar system.
The characteristic coefficients for the flexible frame 
have a great influence on the properties of the control sys-
tem, so the study of these coefficients is the next potential 
research direction.
Table 1 Comparisons of peak value of normalized load transfers 
in cases of passive, LQR1 and LQR2 active systems
Normalized 
load transfer Passive LQR1 LQR2 
Rf 100 % 48 % 65 %
Rr 100 % 50 % 72 %
Table 2 Comparisons of peak value of suspension roll angles in cases of 
passive, LQR1 and LQR2 active systems
Suspension 
roll angle Passive LQR1 LQR2 
ϕf – ϕuf 100 % 55 % 73 %
ϕr – ϕur 100 % 53 % 71 %
Fig. 12 Time response of suspension roll angles to double lane change steering input
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Fig. 13 Torques generated by active anti-roll bar system in response to double-lane change steering input
Fig. 14 Transfer functions of normalized load transfers when using passive, LQR1 and LQR2 active anti-roll bar systems
Table 3 Transfer function magnitude of normalized load transfers 
in cases of passive, LQR1 and LQR2 active systems
Transfer function Passive LQR1 LQR2
Rf
fδ  
23.4 dB 18 dB 20.4 dB
Rr
rδ  
25.2 dB 20 dB 22.9 dB
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